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VERTEX-TRANSITIVE GRAPHS WITH LOCAL ACTION THE
SYMMETRIC GROUP ON ORDERED PAIRS
LUKE MORGAN
Abstract. We consider a finite, connected and simple graph Γ that admits a vertex-
transitive group of automorphisms G. Under the assumption that, for all x ∈ V (Γ), the
local action G
Γ(x)
x is the action of Sym(n) on ordered pairs, we show that the group G
[3]
x ,
the pointwise stabiliser of a ball of radius three around x, is trivial.
1. introduction
In this paper, all graphs are finite, connected and simple and all groups are assumed to
be finite. Let L be a permutation group and let Γ be a graph with G 6 Aut(Γ). For a
vertex x of Γ, the local action (at x) is G
Γ(x)
x – the group induced by Gx, the stabiliser
of x in G, on Γ(x), the neighbours of x in Γ. We say that the pair (Γ, G) is locally L
if G acts transitively on the vertex set of Γ and for each vertex x of Γ the local action
G
Γ(x)
x is permutationally isomorphic to L. The conjectures of Weiss [17], Praeger [12] and
Potocˇnik-Spiga-Verret [10] connect properties of the local action with global properties of
the graph – in terms of the number of automorphisms. For the purposes of this article, we
phrase these conjectures using the following terminology (see [16]). A permutation group L
is called graph-restrictive if there is a constant c (depending on L) such that for each locally
L pair (Γ, G) the equation G
[c]
x = 1 holds. (Here the group G
[i]
x is the point-wise stabiliser of
a ball of radius i around a vertex x.) The aforementioned conjectures say that primitive,
quasiprimitive and semiprimitive groups, respectively, are graph-restrictive. Moreover,
Potocˇnik, Spiga and Verret proved that a graph-restrictive group must be semiprimitive
[10, Theorem], and therefore it makes sense to study this particular class of groups for
these conjectures. When the conclusion of the conjectures hold, the group Gx must act
faithfully on the set of vertices at distance c from x, and therefore has order bounded by
(d(d− 1)c)!, where d is the valency of Γ (also the degree of L).
In [10, Proposition 14], the open cases of the Potocˇnik-Spiga-Verret Conjecture up to de-
gree twelve are listed; these compromise two groups of degree nine (one a primitive group),
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a primitive group of degree ten and a semiprimitive group (that is not quasiprimitive) of
degree twelve. The groups of degree nine are known to be graph-restrictive by results of
Spiga [14] and Giudici, Morgan [5]. The primitive group of degree ten is Sym(5) in its ac-
tion on the set of ten unordered pairs of elements of {1, 2, 3, 4, 5}, and therefore should be
studied as part of that infinite family of groups (and within the context of the Weiss Con-
jecture). The next case is the permutation group L induced by Sym(4) on the set of twelve
ordered pairs of elements of {1, 2, 3, 4}. This permutation group is not quasiprimitive, and
so is an interesting test case of the validity of the Potocˇnik-Spiga-Verret Conjecture.
Semiprimitive permutation groups were first studied by Bereczky and Maro´ti [3]. A tran-
sitive group is semiprimitive if each normal subgroup is transitive or semiregular. Recent
investigations [7] have revealed that the class of semiprimitive groups do admit a structure
theory, albeit not one as rigid as that of the primitive or quasiprimitive groups, which are
described by their respective O’Nan-Scott type theorems [8, 11]. The semiprimitive groups
are first divided into three classes according to the plinth type. A plinth is a minimally
transitive normal subgroup. A semiprimitive group having more than one plinth is known
to be graph-restrictive by [7]. The remaining two types have unique plinths and consist
of those groups with regular plinth and those groups with non-regular plinth. The class
of semiprimitive groups a unique non-regular plinth includes all almost simple primitive
groups. The group L defined above falls into the class of semiprimitive groups with a reg-
ular normal plinth (here [L, L] ∼= Alt(4) is regular). Previous work on groups with regular
normal plinth have focussed on the case that a plinth is nilpotent [6].
In this article we show that the group L is indeed graph-restrictive. The group L is a
member of a general family of semiprimitive permutation groups; those induced by Sym(n)
on the set of ordered pairs of distinct elements of {1, 2, . . . , n}. These groups, which have
degree n(n− 1), are all found to be graph-restrictive by the following theorem.
Theorem 1.1. Let n > 3 be an integer and let L ∼= Sym(n) be the permutation group in-
duced by the action of Sym(n) on the set of ordered pairs of distinct elements of {1, . . . , n}.
Let (Γ, G) be a locally L pair. If n = 3 then G
[1]
x = 1 holds, if n = 5 or n > 7 then G
[2]
x = 1
holds, and if n = 4 or 6 then G
[3]
x = 1 holds.
The result above depends in a crucial way on so-called ‘pushing up’ results that allow
us to control normalisers of p-subgroups and on ‘failure of factorisation’. The relevance of
these methods has long been known, since Weiss’ result on locally affine graphs [18]. The
most striking application is the recent verification of the affine case of the Weiss Conjecture
by Spiga [14]. Pushing up results may be applied to graph-restrictive problems if the point-
stabiliser contains a Sylow subgroup for a specific prime. This fails for the class of groups
we consider here; instead we leverage a conjugacy class of subgroups that do contain a
Sylow subgroup for the specific prime. The ideas in this article are therefore reasonably
elementary; however we expect that the application of the pushing up results in this novel
way may suggest new avenues for work on the conjectures mentioned at the beginning of
this introduction.
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In Section 2 we assemble the tools needed for the proof of Theorem 1.1, which is then
given in Section 3. In Section 4 we provide a construction which shows that the equation
G
[3]
x = 1 in Theorem 1.1 cannot be improved for n = 4.
2. preliminaries
We use the following notation. If Γ is a graph and x ∈ V (Γ), Γ(x) denotes the neighbour-
hood in Γ of x. If G 6 Aut(Γ) and i is a non-negative integer, G
[i]
x denotes the pointwise
stabiliser of vertices at distance at most i from x in Γ. If x and y are adjacent vertices of
Γ, we may write G
[i]
xy for G
[i]
x ∩G
[i]
y . For i = 0, we suppress the superscripts.
The so-called ‘Hauptlemma’ below is used repeatedly both throughout this investigation,
and in most papers on this problem.
Lemma 2.1 (Hauptlemma). If K is a subgroup of Gxy that is normal in Ge and such that
NGx(K) is transitive on Γ(x), then K = 1.
Let X be a p-group. We denote by Ω1(Z(X)) the subgroup of Z(X), the centre of X ,
generated by the elements of order p. We use the following definition of the Thompson
subgroup: J(X) is the subgroup of X generated by the maximal (by order) elementary
abelian subgroups of X . The group J(X) is a characteristic subgroup of X , and it has
the property that if Y is a subgroup of X with J(X) 6 Y , then J(X) = J(Y ). (See [1,
(32.1)].)
For an arbitrary group G and p a prime, Op(G) denotes the largest normal p-subgroup
of G and Op(G) denotes the smallest normal subgroup of G such that G/Op(G) is a p-
group. The generalised Fitting subgroup F ∗(G) is the product of F (G), the largest normal
nilpotent subgroup of G and E(G), the layer of G. The generalised Fitting subgroup has
the property that CX(F
∗(G)) 6 F ∗(G). We refer the reader to [1, Chapter 11] for more
details.
The following is a Thompson-Wielandt style theorem proved for the semiprimitive case
by Spiga.
Theorem 2.2 ([13, Corollary 3]). Let L be a semiprimitive group, (Γ, G) be a locally L
pair and {x, y} an edge of Γ. Then there is a prime p such that G
[1]
xy is a p-group and one
of the following holds:
(1) G
[1]
xy = 1, or
(2) F ∗(Gxy) = Op(Gxy).
The pushing up result that we need concerns the groups SL(2, 2n). Such a result was
originally proved by Baumman [2]. We cite below a generalisation due to Stellmacher that
is more suited to our purpose.
Theorem 2.3 ([15, Theorem 1]). Let M be a finite group, p a prime and S a Sylow
p-subgroup of M such that no non-trivial characteristic subgroup of S is normal in M .
Assume that
M/Φ(M) ∼= PSL(2, pf) for M :=M/Op(M)
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and set V = [Op(M), O
p(M)]. Then either S is elementary abelian, or there exists an
automorphism α ∈ Aut(S) such that
L/V0Op′(L) ∼= SL(2, p
f) for L := Op(M)V α and V0 = V (L ∩ Z(M))
and one of the following holds:
(a) V 6 Z(Op(M)) and V is a natural SL(2, 2
f)-module for L/V0Op′(L).
(b) V 6 Z(Op(M)), p = 2 and f > 1, and V/V ∩ Z(M) is a natural SL(2, p
f)-module
for L/V0Op′(L).
(c) Z(V ) 6 Z(Op(M)), p 6= 2, Φ(V ) = V ∩ Z(M) has order p
f , and V/Z(V ) and
Z(V )/Φ(V ) are natural SL(2, pf)-modules for L/V0Op′(L).
The following result belongs to the theory of coprime action.
Lemma 2.4. Let R be a group acting on a p-group X. Then
(i) for a q-subgroup S of R with q 6= p, [X,S] = [X,S, S],
(ii) [X,Op(R), Op(R)] = [X,Op(R)].
Proof. See [1, (24.5)]. 
Lemma 2.5. Let n > 4 and let L ∼= Sym(n) be the permutation group induced by Sym(n)
on the set Ω of ordered pairs of distinct elements of {1, 2, . . . , n}. For ω ∈ Ω, there is a
NL(Lω)-conjugacy class of subgroups {T1, T2} such that the following hold:
(1) Lω 6 Ti;
(2) Ti ∼= Sym(n− 1);
(3) L = 〈NL(Lω), Ti〉;
(4) L = 〈T1, T2〉.
Furthermore, if there is a prime p such that Lω has a normal p-subgroup, then Lω contains
a Sylow p-subgroup of Ti for i = 1, 2 and 〈O
p(T1), O
p(T2)〉 is transitive on Ω.
Proof. Let ω = (a, b), so that Lω = La ∩ Lb ∼= Sym(n− 2). Observe that Lω is contained
in La, Lb and L{a,b}. Additionally, NL(Lω) = L{a,b} so that {L
NL(Lω)
a } = {La, Lb}. Thus
(1)–(2) hold for T1 = La and T2 = Lb. Since each Ti is maximal in L, (3) and (4) are
immediate. For the final part, we must have n ∈ {4, 5, 6}, and it is an easy calculation to
check 〈Op(T1), O
p(T2)〉 is either Alt(n) or Sym(n). 
3. Proof of the main theorem
Let n > 3 be an integer and let L be the permutation group induced by the action of
Sym(n) on Ω = {(a, b) : 1 6 a, b 6 n, a 6= b}. Let (Γ, G) be a locally L pair and let {x, y}
be an edge of Γ. If n = 3, then L is regular, so G
[1]
x = 1. Henceforth assume that n > 4 and
that G
[1]
xy 6= 1. After applying Theorem 2.2 there is a prime p such that G
[1]
xy, Sxy = F
∗(Gxy)
and Qx = F
∗(G
[1]
x ) are nontrivial p-groups. We set the following notation.
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Sxy = Op(Gxy)
Zxy = Ω1(Z(Sxy))
Qx = Op(G
[1]
x )
Zx = Ω1(Z(Qx))
and for g ∈ G with xg = u and yg = v, we define Suv = (Sxy)
g, Qu = (Qx)
g, etc. Since Qx
and Sxy are nontrivial, Zx and Zxy are nontrivial.
(1) The groups CGx(Qx) and CGx(Zx) are intransitive and semiregular on Γ(x).
Since G
[1]
xy 6 Qx ∩ Qy, the Hauptlemma shows that CGx(Qx) cannot be transitive on
Γ(x). Hence CGxy(Qx) = CG[1]x (Qx) 6 Qx. Now, since QxQy 6 Sxy, we see Zxy centralises
Qx, and so Zxy 6 CGxy(Qx) = CG[1]x (Qx) 6 Qx. Thus Zxy 6 Zx. Since Zxy is nontrivial
and normal in Ge, the Hauptlemma shows CGx(Zx) must be intransitive on Γ(x).
Since Sxy is normal in Ge and Qx is normal in Gx, the Hauptlemma shows that Sxy 6= Qx.
It follows that Sxy 
 G
[1]
x and hence S
Γ(x)
xy is a nontrivial normal p-subgroup of G
Γ(x)
xy
∼=
Sym(n − 2). Thus (n, p) ∈ {(4, 2), (5, 3), (6, 2)}. (In particular, if n > 7 we have shown
G
[1]
xy = 1.)
Since Qx 6= Qy (otherwise QxQy = Qx is normalised by 〈Gx, Ge〉), we have (QxQy)
Γ(x) is
a nontrivial normal p-subgroup of G
Γ(x)
xy . Considering the various cases for G
Γ(x)
xy , it follows
that Sxy = QxQy.
Let Rx = 〈QxQ
Gx
y 〉. Now Rx/Qx is a central extension of (Rx ∩ G
[1]
x )/Qx (see [14,
Lemma 2.5]) and since Qx = Op(G
[1]
x ), (Rx ∩ G
[1]
x )/Qx has order prime to p. Further,
Rx/(Rx∩G
[1]
x ) ∼= R
Γ(x)
x is isomorphic to Sym(4), Alt(5) or Alt(6), if n = 4, 5, 6, respectively.
(2) We have n = 4 or 6 and p = 2.
Assume that (n, p) = (5, 3). Then Rx/Qx ∼= Alt(5) or SL(2, 5) and Rx/CRx(Zx)
∼= Alt(5)
or SL(2, 5). Note that J(QxQy) 6 Qx means J(Qx) = J(QxQy) and it follows from the
Hauptlemma that Qx = 1, a contradiction. Hence there is an elementary abelian subgroup
of maximal order A 6 QxQy with A 
 Qx. Now CZx(A)A is elementary abelian, so
|CZx(A)A| 6 |A|, so we have CZx(A) 6 A, and so CZx(A) = Zx ∩ A. Now, using (1),
CA(Zx) = A ∩ CQxQy(Zx) 6 (QxQy) ∩G
[1]
x = Qx. Hence CA(Zx) = A ∩Qx. Further, since
ZxCA(Zx) is elementary abelian, we have
|Zx||CA(Zx)|
|Zx ∩ A|
=
|Zx||CA(Zx)|
|CZx(A)|
= |ZxCA(Zx)| 6 |A|
and so |Zx/CZx(A)| 6 |A/CA(Zx)|, which is to say that A is an “offender” on Zx. Note
that |A/A∩Qx| = 3. If W is a Rx/CRx(Zx) composition factor of Zx, then |W/CW (A)| 6
|Zx/CZx(A)| which (by considering the irreducible GF(3) modules for Alt(5) and SL(2, 5))
implies that W must be the trivial module. Lemma 2.4 shows that Zx is centralised by
O3(Rx). On the other hand, O
3(Rx) is transitive on Γ(x), a contradiction to (1). This
proves (2) and so we may now assume that (n, p) = (4, 2) or (6, 2).
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By Lemma 2.5 there is a NL(Lω)-conjugacy class of subgroups {T1, T2} such that Ti ∼=
Sym(n − 1) and Lω 6 Ti for i = 1, 2. Let Ri be the full preimage of Ti in Gx. Note that
the subgroups R1, R2 are a NGx(Gxy)-conjugacy class.
Set R◦i = 〈(QxQy)
Ri〉 and note that since Sxy = Op(Gxy) = QxQy we have that {R
◦
1, R
◦
2}
is a NGx(Gxy)-conjugacy class. Then R
◦
i is normal in Ri and since [R
◦
i , G
[1]
x ] 6 Qx, we see
that R◦i /Qx is a central extension of R
◦
i /(R
◦
i ∩G
[1]
x ) by (R◦i ∩G
[1]
x )/Qx. In particular, since
(R◦i ∩G
[1]
x )/Qx is abelian, and Qx = Op(Gx), we have that p ∤ |(R◦i ∩G
[1]
x )/Qx|. It follows
that R◦i /Qx
∼= Sym(3) if n = 4 and R◦i /Qx
∼= Alt(5) if n = 6. In all cases we have that
QxQy is a Sylow p-subgroup of R
◦
i and that Op(R
◦
i ) = Qx. Note that CR◦i (Qx)∩G
[1]
x 6 Qx.
Suppose (for a contradiction) that CR◦i (Qx) 
 G
[1]
x , then CGx(Qx)G
[1]
x /G
[1]
x is a nontrivial
normal subgroup of Gx/G
[1]
x . If n = 6, it is immediate that CGx(Qx) must be transitive on
Γ(x) and if n = 4, then the fact that 3 divides the order of CR◦i (Qx) implies that CGx(Qx)
is transitive on Γ(x). This contradicts (1). Hence we have:
(3) For i = 1, 2,
(i) Op(R
◦
i ) = Qx,
(ii) CR◦i (Qx) 6 Qx and R
◦
i /Qx ∈ {Sym(3),Alt(5)},
(iii) QxQy is a Sylow p-subgroup of R
◦
i .
Suppose that C is a characteristic subgroup of Sxy = QxQy. Since Sxy is characteristic
in Gxy, it follows that C is normal in Ge. If C is normalised by R
◦
i , then C is normalised
by
〈NGx(Gxy), R
◦
i 〉 = 〈NGx(Gxy), R
◦
1, R
◦
2〉.
Lemma 2.5(3) shows that the image of this subgroup in Gx/G
[1]
x is a transitive subgroup.
Hence C is normalised by a transitive subgroup of Gx and so the Hauptlemma implies that
C = 1. Thus:
(4) For i = 1, 2, no nontrivial characteristic subgroup of QxQy is normal in R
◦
i .
By Claims (2) and (3) (using the isomorphisms Sym(3) ∼= SL(2, 2) and Alt(5) ∼=
SL(2, 4)), for i = 1, 2 we may apply Theorem 2.3 to Ri, by setting M = Ri and QxQy = S.
Since CR◦i (Qx) 6 Qx, QxQy cannot be elementary abelian. Hence, since p = 2, one of the
outcomes (a) or (b) holds for R◦1 and R
◦
2 (independently). Let Vi = [Qx, R
◦
i ]. Note that
CQx(R
◦
1) and CQx(R
◦
2) are conjugate under NGx(Gxy).
(5) For i = 1, 2 we have [G
[2]
x , Op(R◦i )] 6 Z(R
◦
i ).
Suppose for a contradiction that [G
[2]
x , Op(R◦i )] 
 Z(R
◦
i ) for some i. Since G
[2]
x is normal
in Gx, for g ∈ Gx with (R
◦
1)
g = R◦2 we have
[G[2]x , O
p(R◦1)] 6 Z(R
◦
1)⇔ [G
[2]
x , O
p(R◦1)]
g 6 Z(R◦1)
g ⇔ [G[2]x , O
p(R◦2)] 6 Z(R
◦
2).
Hence, we may assume that [G
[2]
x , Op(R◦i )] 
 Z(R
◦
i ) for i = 1, 2. Now [G
[2]
x , Op(R◦i )] 6 Vi,
and Vi/(Vi ∩ Z(R
◦
i )) is a simple module, so Vi = [G
[2]
x , Op(R◦i )](Vi ∩ Z(R
◦
i )). Let U =
6
〈(G
[1]
xy)R
◦
i 〉, and note U 6 Qx. Then
[U,Op(R◦i )] 6 [Qx, O
p(R◦i )] = Vi = [G
[2]
x , O
p(R◦i )](Vi ∩ Z(R
◦
i ))
so
[U,Op(R◦i ), O
p(R◦i )] 6 [[G
[2]
x , O
p(R◦i )](Vi ∩ Z(R
◦
i )), O
p(R◦i )] = [G
[2]
x , O
p(R◦i )] 6 G
[2]
x 6 G
[1]
xy
By coprime action, [U,Op(R◦i ), O
p(R◦i )] = [U,O
p(R◦i )] this means [G
[1]
xy, Op(R◦i )] 6 G
[1]
xy and
so as above, Op(R◦i ) normalises G
[1]
xy for i = 1, 2. Since 〈Op(R◦1), O
p(R◦2)〉 is transitive on
Γ(x) by Lemma 2.5, the Hauptlemma implies G
[1]
xy = 1, a contradiction.
(6) The group G
[2]
xy is trivial.
Coprime action gives [G
[2]
x , Op(R◦i )] = [G
[2]
x , Op(R◦i ), O
p(R◦i )]. By (3), for i = 1, 2 we have
[G
[2]
x , Op(R◦i ), O
p(R◦i )] 6 [Z(R
◦
i ), O
p(R◦i )] = 1. Since the statement holds for i = 1, 2, we
have that G
[2]
xy is normalised by 〈Op(R◦1), O
p(R◦2)〉, and as above, the Hauptlemma implies
G
[2]
xy = 1. This completes the proof of Theorem 1.1.
4. examples
In this section we give a construction that allows us to produce examples of locally
semiprimitive graphs from locally quasiprimitive graphs. We use the theory of amalgams.
An amalgam is a triple of groups (A,B,C) where C is a specified subgroup of A and of
B. From a pair (Γ, G) with G 6 Aut(Γ), we get an amalgam (Gx, Ge, Gxy) for each edge
{x, y}. If G is vertex-transitive and G
Γ(x)
x is transitive, then this amalgam is an invariant
of the pair (Γ, G) (so we may speak of “the” vertex-edge stabiliser amalgam of the pair).
Conversely, amalgams give such pairs. An amalgam (A,B,C) is called faithful if the only
subgroup of C that is normal in both A and B is the trivial subgroup. If (A,B,C) is a
faithful amalgam, |B : C| = 2 and L is the permutation group induced by A on the set
of cosets of B in A, then there exists a locally L pair (Γ, G) and the vertex-edge stabiliser
amalgam of (Γ, G) is (A,B,C). For full details we refer the reader to [9, Lemma 2.1].
Suppose that L 6 Sym(Ω) is a semiprimitive group with an intransitive semiregular
normal subgroup S and let ∆ be the set of S-orbits. Since L is semiprimitive the kernel
of the action of L on ∆ is S (see [7, Lemma 3.1]) and so L∆ = L/S =: M . Note that
for ω ∈ Ω and δ ∈ ∆, Lω ∼= Mδ, since S is semiregular. Suppose now that (Σ, H) is a
locally M pair and let (Hx, He, Hxy) be the vertex-edge stabiliser amalgam of (Σ, H). We
construct a faithful amalgam (Gx, Ge, Gxy) such that the permutation group induced by
Gx on the set of cosets of Gxy is L and |Ge : Gxy| = 2 and it will follow that there exists a
locally L pair (Γ, G) with vertex-edge stabiliser amalgam (Gx, Ge, Gxy).
Let A = L×Hx. Then X = S ×H
[1]
x is a normal subgroup of A. Further,
A/X ∼= L/S ×Hx/H
[1]
x = {(Sa,H
[1]
x b) : a ∈ L, b ∈ Hx}.
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Since L/S = L∆ = M and Hx/H
[1]
x
∼= M , there is a permutation isomorphism φ :
Hx/H
[1]
x → L/S. We define Gx to be a subgroup of A containing X such that
Gx/X = {(φ(b), b) : b ∈ Hx/H
[1]
x }.
For Gxy we look inside the subgroup Lω×Hxy of A. Now H
[1]
x is normal in this group, and
since H
Γ(x)
xy
∼= Mδ ∼= Lω we see that (Lω ×Hxy)/H
[1]
x
∼= Mδ ×Mδ. We define Gxy to be the
subgroup of Lω ×Hxy containing H
[1]
x such that
Gxy/H
[1]
x = {(φ(b), b) : b ∈ Hxy/H
[1]
x }.
Since φ is an isomorphism, in fact Gxy ∼= Hxy. Notice that Gxy 6 Gx since Gxy 6 SGxy
and the elements of SGxy project to elements in A/X that lie in Gx/X . Set Ge = He.
Since Gxy ∼= Hxy, Gxy is isomorphic to a subgroup of Ge and |Ge : Gxy| = 2. Thus
(Gx, Ge, Gxy)
is an amalgam. We compute G
[1]
x := coreGx(Gxy). Working modulo S, we see that the
largest normal subgroup ofGx contained inGxy must be contained in SH
[1]
x . SinceGxy∩S =
1 and H
[1]
x 6 Gxy, we have that
H [1]x 6 coreGx(Gxy) 6 Gxy ∩ (H
[1]
x S) = H
[1]
x (Gxy ∩ S) = H
[1]
x .
Thus G
[1]
x = H
[1]
x and so G
[1]
xy = coreGe(G
[1]
x ) = coreHe(H
[1]
x ) = H
[1]
xy . For i > 2 we define
inductively G
[i]
x = coreGx(G
[i−1]
xy ) and G
[i]
xy = coreGe(G
[i]
x ). Then, repeating these arguments,
we have, for i > 1, G
[i]
x = H
[i]
x and G
[i]
xy = H
[i]
xy. Since (Hx, He, Hxy) is a faithful amalgam,
it follows that (Gx, Ge, Gxy) is a faithful amalgam. Furthermore, since the core in Gx of
Gxy is G
[1]
x = H
[1]
x and from A/Hx ∼= L and Gx ∩ Hx = H
[1]
x , it follows that Gx/G
[1]
x , the
permutation group induced by the action ofGx on the set of cosets ofGxy is permutationally
isomorphic to the action of L on the cosets of Lω. Thus there exists a locally L pair (Γ, G).
Finally, we apply the construction above to the group L = S4 with Lω = 〈(1, 2)〉 and
S = V4. Then L/S ∼= S3. This allows us to take any faithful amalgam (Hx, He, Hxy) with
H
Γ(x)
x
∼= S3 and produce an amalgam (Gx, Ge, Gxy) with local action L. The amalgams of
locally S3 pairs (Γ, G) are classified by Djokovic-Miller [4], and since there exist amalgams
with H
[2]
x 6= 1 and H
[3]
x = 1, this shows that Theorem 1.1 is best possible for n = 4.
Remark 4.1. The construction above shows that examples of locally semiprimitive graphs
can be constructed from locally quasiprimitive examples. A question of relevance for the
Potocˇnik-Spiga-Verret Conjecture is whether all locally semiprimitive graphs arise in this
way. In the construction, the intransitive semiregular normal subgroup S is forced into the
local action on the graph and also appears as a normal subgroup in the vertex-stabiliser.
Such nice behaviour is perhaps too much to hope for.
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